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non- deter mini sﬁmu\tj
genaate p ond 4

ﬁ]ﬁ w=pq , GUEpt ; otherwise, Teject
Do Themm - Evt’zvﬂ NTM con be simulated bj a DIM .

Shotoh * o NTM N semidecides L—> a DIM M semidesides L

g(\fen inpat W, wef iﬂ some  branch ocepts W
- (some nofe Vs in state y)
AN Dfs ~ oping)
oy )/\/o Bfs J
/c\> 0/ 0\00\0
>-tepe DM
Sl w1 ste the tnput
-y — U

1 —

enumerate ol possible choice
3
%l 3% T aT YT by
1‘ 11
\?K
K L
§. (k- T\Af\"\s Thesis

1 powition nj' Alﬂm‘ihm i equivalent o TW\'V\Vj Machine .
9 Factl: Any finite sei cn be encded

{oir o, Oy = gooom| ool —ai—)
lual/l
Fock 2 Py finite tuple whose elements ove fumite sets an be enaded

LA B C D) = amolanp-a~ b Co Ao
Br Gwd) -’60 etk b s o



0. L=1"G": G s a conected guaph
M= on Ynput (7,
o if the input i Nleﬁﬂ(, ve)e,ct kh& Ac‘ml‘t)
. select & node of G and mark it
2. vepaat the -Fol\owfnﬂ
2 fo eadh marked node
v mark  all Of W mjhbvvj
5, 1f all the nodes ave marked

accept
6. else
w] ect
11, Problems

R - Popas D W : D is a DFA that acepts wj

ey = o0 Smpag D’

[>yun D on w /—\M;A Aocra
2.9 D awepts W L, —— .

actepts W 0w D w
3. ele D rgects w

1N e P and oy o Boute Aa

vojects oW
2. the function s computsble

@ Rt Pura = { N N s a VPR that actepts w)

Mps = on input N W
). convert N to an equivalent DFA D
2. vun Me o0 D
3. refum the vesult of M,

i

) Ry PreEx = R RS a vegular expression with wedwh
Mgy = on input "Rw”
I convert R info an equualent NPA N
2.0 My oon TR W
3. vetwn the vesult D{f s

. %3 ool
W) Ry - EDFA: {'D:Dis a PFA with LD):=% 3 @]ﬁ
Mey = on input "D >0 o
[ run DFS o the state diaguam 4 D ©

2 FRerh 2) veed, 4 ) accept

15) RS- By = 1"01""»;: D, and Dy ae two DfAs with LUDD=LDa)}
Qﬂmmemt different
AOB= (AUB)-(ANB)
) A= i and only o AGB-§



2. AOB = A0BIN (And)
= (AUB) NCAVED
Nk :on iV\Put DDy
I onstack & DFA DX with L= LAOLWD,)
2. w0 Mgy oo OF

Week 8

l. Aopa={'0"w « Disa DFA that accepts w)
D B kS 0
D is & DFA. LiD)= fw: D accepts w} /‘}F@ PohhAS
weld) & D aCtLPtS w (= I/DVI’/‘"‘I'eADFA

Aopa s Yecursive & L) is recursive.
L Pors 1G> G is a CFG that generates w}

A CEG i in chomsky nam fam CONF) f every vule is one of che follaing foms:

. S-e
2. Ao BC  B.Cev-i-is] VAL 1A GG 7 %) 9 ik P
3. A=a

generate [wl=nx], we need 211 tineg (Mya, nR 3 in tital, ‘“m“""'ji
Me - on input “GW
I convert, G to OMF, G=CU/3.R/S)
2 enumenate all derivation of leagth at most T
3. acept if any of these derivation generstes w and eject otherwise
(2 Pron =4 P w P is a POA that awepts w)
Mg = on input P’
|. convert P tatp an e@umunt CFG G
2 7un Mo on 6w
3 retwn the vesult of /MG
Gy Ec{gﬂ GG s a OFG with Llay$ )

SaA M, = on input ‘G

A90R I mark terminals and e

B-b 2. while there ts & vale with all symbols

B Ca on ity vight are marked but the symbol gt most (R) Lops
c-e on the left s mt marked :

mark the symbol on the left

3. l‘f S s marked
ﬂJvlov
(orguage

wj ect

Y, else
accepl

C¢  Epon=1'P:Pisa Pop with AuP=¢}
wonsfr P into - correspmding CEG

YowmIsve



9. countable
A set A is countable f 1t is finite or 3 bijection f7Rap, uncuntable othermise

7 ota’, fefia)

0 Lemma
A et A 18 countable \'-f and only \‘{ El 1‘nied\'m -_F" AN
Prnf
a —_—7“ u&\,{mﬁsla

‘& injection - o A~SN need to find bijection §: A >N
sort A n \‘v\cveasiug order of 13

g = rank of a

W Gofoll o
Cotollary A
Pny subset of a countable set 15 countable

Proof

g{n;em‘on -f A-N = J{nsmim AN 2 A' VS countoble

@ Lemma
Pay langasge is wuntoble .

Pros

Let 3 be an alphabet , we only need o prove ¥ 45 auntable

Assume pEELAR) i*zie, 0, (,00, ol, (o, (\, 00 -~ Y
v y
map 10 their ronks P i ‘L’ i 5

\ (,alo\\af\\)

IM-Ms a TMY s countable .

P
ev\wl(;i"/v\": M s a TM). The corvesprding language 1s courtuble.
\a\ rd 6 twe.

s0 the °"f)"‘"\ Hplenat o \/ ] [D\nﬁv\aﬂc s ot vewvs\'\.eln enumerable

I5) Lemma
/

Let 5 be an non-emply alphobet
Let | be the set of longuages over 3
L 'S wncomatable .
Prof
Dy agon alizact'on
Suppose that §_ 15 wunteble, Libalp
Sinte X' s cuntuble , the strings in 3" can be (abeled

as

S ,S%., 8. - -
D=6 Sie¢ )
{'01 =l
i it Sig L But Del Longradlictony
add S to D

¢i<D (—f ond only 1§ 4L ¥v = DELi Y

G S Sy S¢

ox \‘51;"5 a
+oble

ﬂk Sl

kb % Liths. R 5 AEDP, %8) &
Lhth 045 hydor/y Li ) B)47 g




3, Nm = f)\nw © M s a TM that accepts w)
Theorem -

A1m 1§ vewrsive enunerable
Proo& °/, whiversal .Wﬁ " machine
Y= on inpwg MWW
). rwn N on W
2. aCept M W' \'{ M acepts W
e T om oeets w
U acepts "M'w’ \‘-f and only ij M acepts w

ii’ and only \‘:f MW € At

Theorem

A 1S not rewrswe
Proof
Ag=1"m": M is a TM that does not acept "M'}
v M 1S veawrgwe ve.
O f Amis rewswe, Ad s vewrsive R P I Y
® Ad 1s not rewmrsvely emmerable .
O f Auw is vewrsive =» 3 M decides Atm
M= on inpug "M’
lywn M, 10 check whether M aceepts “m”
2,1{- M aceepts “M”
veject
3.else 1M rjecks A or lmptg on M
actept
W decides Ad = Ad s vewrsie
@ Ad s not YQCMVSw'velﬂ ehumerable
Suppose that Ad is re. = 3ITM D semidecides Ad
aaept o e AL (M ejects Mot bepiyg on M)
“”Jf‘h Mg Ad LM aepTs M)
\\m?“'\j
actept \‘{- D ve‘)ects o o (pup\j on D

D on \‘DP(A'(, ‘l/\/\,” :[

D on input £y :[
'Lc‘t

h:?” %—5 D acteptg ” D"
[uop‘\'\a

oantvadiﬂma \ — Am N4



Theorem

1t L and L Us enwmerable yecwisive, then L s vewsie.

-

AM semidevides L, M semidevides L
N\*: on ARpAt w,
lcyan M ond M on w A Pavatlel
2.7 M atepts w
acept W
3 is W acepts W
reject w
Week q

). Him=§ 0w M s a TM that halts on w)

/\w Ys  not veumsveé
bwt 1 mwrx\'wl\uj onwneveb e

= /TTM 1S hot Ve,wvsiv@lﬂ enumerode

A s MW M is a TM that acepts w} = ot recursive

KERZR Pim Him
JRER A= on tnpul X
\- Tun M on X
2. 1‘j M accepts x

X

M
3. ij M rejeds &

K

AN oopin g

uccepts x

M acepts w i and only ij

M halts on W
Y. \“f M s [uo‘winj 3 V/)V)~7T‘I/5

M s luoP{na

Suppose that Hm (s vecwrsve.IMu decides Hm.

I, conspruct @us€n3 M

mHIGE

oo {50 By " \;_o:u“‘",‘\rtu:x
2. 1‘j M accepts %
ME accepts x
2. M rejeds &
AN IOoy\'ns
Y, \‘«[- M s woping
M qs  looping
a [ = the set

9. Yun @ n M
3. \“j My acepts “/Vﬁ”"w"‘
Lthen we knaw M acepts W)
actept MW"
§. else Mu reject W
veject M W

MA decides Atm. %’ﬁ

of all re lmguaﬁc conrmw,j e



v
2. L={"W Mas a TM that acepts e) LR 5

Amm Ly

>

AW M
We need M acepts w if only if m* aceepts e
M* = on input X
] Ywan M on W
2. M acepls w reject | % B - e
OcClepts X
i M acepts w, then M ocepts ol inputs , Mcluding e
i-f M re,iects or lops on W, then M doesn’t auept any put

3, \':f M mlects W

Swppose that Ly is reowsive , 3 M decides L
MA= ON inpuy  WW
I, onstrack M \M«’v\d M
2. man M on M
30 M rgds 1IN

ougty W W
Wb M octepte T
rejest AN W

Ma decides A, wrong

3. Ja={W:Mis a TM that accepts all strings ) 7.7 9) 5
Atm L
UMW "
M euepts w if and only ‘j M accepts all the  stang,
2T k- 2 Ko
U Ly= LMUMy - My oand My wre the TMs that acept the same set of strings
Suppose L3 s vecurswe . A M devides L3
nse, My 10 construct Mo devides L2
Ma= on input M
L. onstmey Mg as fullows

Mg = on npwty X
(18 Olcwp’c



2. mwn My on UMM 1] gheok whether Moand Mg aciepts the same set

3. f& Mz acepts W Mg of ‘nputs
accept M
Y My rgeds MM
re)ek M
We know My devdes Lo, so commdic’cuvg. Z?)Miv
Co B {'M' M s a TM with LUW s veﬂmlNS
Atm E
T g
N:w A U= on input W
M=o \v;\]:\u’(, T waiversal TW borun fAoom W
I« Yun om W -
: U semidevides A 2 M —ectepis—w
2. \j- M accepts W e U accepts MW
3. yun U on x W = A 5. else
y. acepts x {]‘ U acepts x U rejects Mmw'
S. V&\]etts X ij- V] Y%%t X Ye ulav/ow-to«t-
b f M veect w M cees not auept w, Li)=p y
A X not v ular s
> qu </\A acepts w, LoD = Aem eJ/ Iuas 1€
wet CW‘M"f'@‘

Ep: i"N\"-./\/\ s o TM with L) v context-free )
E’): }l.'N\“" M s a TM with LW) s yecursive S

%}%} yAD ﬁ‘ﬁ\ © Given a TM M, 1 LIW) el?
)

not vecusive

L is a poper, nn-empty subset of the dass of vewrsve

enumerable lanj wage

. R= {"M"‘ M is a TM with Liwefy Rice’s Theorem

Pnf: Assume G £ (f pelb L0
Let pef . AMp semidecides A

Aim R
(AT W

ME= o et A
(«Ywn N\ on W
2. M actepts w



ywn MA on X
1'1 MA @ Cepts x

i L) < i M does ot gt w, LM< ¢)
S. ncept  x

b

.

if M acepts w, Lomd= L= A €3

| o ’y‘;{"m‘w]:d‘ K PRAAER, 6 IR Am, 18 pmATPIE
8. if M mjccts w ﬂ(%
. rejett X

Week [0

. hiven o TM M, dues L) have property )
fm;v Lip=the set of all ve longuage somsfyng P

Given a TM A, it L)€ L 2 i non-empty , prper swbset

then wndecidable

DFA PDA ™
AntA Mvoa A

C d bte M
Lopa dCC‘A p{ﬁ\b\e C eop ; AW ’ E,,[M

€ QLopa Vu\dah'd#b\e
Allor ALLPM ER
o undevi dable EE Y
ALLTM

Allpop - i"P“'- Pis a POX with L= g } 18wt vecwrsive
)

~
NOTALLeopy = 1P~ P is a PDA with LID# 3"} 4s not rewnsive

Hrm NOTALLppA
n /V\'r ,,w., “y Pu

We want M holts on w if and only of  L(p)? o
Y

¢S, QLW Ha = Ch,Ouav)
i Jdh > AUSWEm < by auahy o st b2 /i%H% 20
Gy suswH - #F o H - waushy FERARL L §-] sting
(acomwtfna hstory of M that halts on W
P acepts all the strings that are not ompating s oy »:f M that halts on w.

LG #le GAs a Cow-\f\'auvaﬁm



w G is not in the fom of Susw \
@) (g s not tn the ‘form D'f' duahv
e 31./ G M Ci*'
f nisticall
ZNNRARE kit B\ LS T T 3 Y

fest) gy psttf) guoss 0= P A48y A y
M(//FT, wat C.‘:ﬁ-[\'.e\ }ﬁj}*\_g% ' TDV)’-@?A
Gy =oumay- g Oey o G
| ({29} )%D )t n ﬂLb% d-vole }\#)%&7@
P AR WP -5 A Beopha stade 9575 54y
0% R N KSR AR R T, A g RARR M § 8

v Cyé\ =[Gkl

1F  MTALLppp NS vewssive, Then Hom is rewrsie. Contv ads <on

92 Redmotion
Let A and B be two longquages oer 3T - A reduction fam A 1 B 1S

A wmputable function f: 37 3%, sweh that Afor any e 5=
xX€A \—f and m\\lj i-j —ftx)—eB

L emna,

S
Suppise that I reduction fom A to B AR

<)) l‘j B is rewmrsive, so s A.
B is remsive = dMp devides B
chzz—a 3% swoh that
A ;-f and only 1‘-5- fo-€B
Ma=on put X
v compute o
2. vwn Mg on -f«x)
3. retum The rewlt of B



W o Ads mt rewsive, nor is B

Week 10
[ TM M pints " on +ts tape

oo [EE |
A write ‘Bt +he tope
B wite A 1 the tage and swop (t with ®

funciion 4, 35 1% swh thag q/(w):"/V\n)"
(viven ony stv‘ma w &‘/\Aw = 0N Ony nput
I. congtimct  Mw \. print W on the tope

2. vefumn “Mw

B = on input w
N cumpwte qw
2. write it 1o the tope and swap it with w

= on any \'n?\d;

)owrite Bt the tope
Yy N
L& A" | g A
N

2. Recursive Theorem
For any TM T, there vs a IM R such that for ony string w, the

compw tation oj( T o ‘Rw is e@m'va(en*t 10 that R on w,
T=on input “Mw R=on input w
do  somgthing o T on "R'w

vk 5w | 4x7g-

M= on ivrput X | Lega[
[« obtain ¢ own (odma M
T R
A>B>T
IW'B" ”TMA.. I A WY\TGS -;%'I,,Ti

R "
— wites “A' and woder the cntent of tope
[(.A-. I/BY “T‘IW ] ‘b OT




3, L= (R T=on input M x

R = on irpw X R ,'f M == x
[« obtain ifs owh cadﬁ'nﬂ P. 2. poept
2. \‘J[ Rz % 2. else
3. o-ceopt 9. »eq‘ed:
¢, else
[ Y(/J ect

¢ Atm s pot vecurswe.
3TM Mp decides Am

N\*: on \\/‘Pvd x
[ oblain| 1% M 6390 & AR A, Rt R B Aasdd )

2. vdh Mp on “MU'x |
3. if MA aepts “MTx A LA A D LA

L rejects x
S. olse

b, acepts x
o it AkRIMAR
A Statement X
a puf
let Y be a language (the set of e statement)
A pnof system for T i< a TM U swoh that:
W effectiveness , Prov.y6 2",V eithr acepts or igjets (xy)

@ soundness , for x g Y V=0 for all y
V is omplete i for any x ¢ T , chee Vs sme Y such that V)=

Lot is a vakd v x
\/\x.n):i 1 #
0

otherwise

yvable
» P

Theovem:
Some language J dves not have a wmplete prof system -

Jmma. -
A has a complete poof system if and only if A is vewssively enmerable
=) 3 wmplete povf  spsten U
M= on input X
I for ye3* in inoasng order of lengeh
2. 1‘—][ VH,\P:]

3. aclept x



&) Mo osemidecides A
V=on tnput (0 Y)
{«yun M on X for y stops
2. augpts vy f—f M ouepts x within y steps
0- 2570 ol effetienss  QxbA a5Vy, AFpEATARS , Tl s
@ um)p\z’(e i%n%ﬁ
o B hos ne omplete prof system
o proof system U for Agh
R= on umt X
I optain R’
2. for Y& 3% in incieasig order of length
3 i viRy=
¥ halt and auept x
i Vis wmplete
R awpts x & dy. St VCR% =) <= Bat A

b. Enumeratoy
We say a TM M emwmerates a language L {f for some State ¢

L;‘iwt (S,DU)\’;\ (QIDQW); Youiput w

1 St
vafnﬂ enwmerab le — put |state

Theorem:

A s Tunng enumcrable if and only i A s vewrsively enwnerable .
onof"

Assume that A is a infinite set
=) 0bvious

&) IM semidecides A
Sor s€3% in increasing order oj lengsh
yan M op 8
i M auepts S,
acu,pt i
for istag¢
fur jert i
run N oon §§ for 7 sigps
f M aupts $
o\u]Mt S\i

> i R lpg



7oA TM M ois minimal i (W< "M implies Luwy # LEM)
MLINgw = i"/v{'= M is a minimal TM}

R:. on fﬂP\At X
I obtain “R’
2 enumerate MINgu wntil sbtwiv B with B4R

3 yan P on x
We paow LR)=LCB) , bwt ("R.'[dnﬁ'l 1 (,ontmd\'day with B 1s mwimal.

G we o't enumevate MV , 1S wt re.

Week 1]
I Let M be a standard DIM that halts on every input

The rumving +im M s a Funchi PN
g e of s @ fucm foron
Tnpurt (engh # steps

On any input of length n, M halts within fo steps .
DTIME (tu) = jL'f L can be decided by some standard OTM within ruming Time olton)

otht. kood: 4 h-fo ok b
2) h%kvﬂ ,a)—] f?k)uf“(\, :q;i!?o,lfl RM'T.
0 fodel Wh MM

i use two-tape, we only neeel OW) steps
) - tpe o

DTIME (nlgn)

0 - tye ©°
@ 1f k-ae T In i) fime, then for single tape
ome Step > Q) steps  (ar met 2T Stepe)
tw stp 0 lw!) stept
3. The Cobhun- Edmond  Thesis
Any “reasonable” and Nﬁt’mml" dotermiwistic model of  computation
1 polynomically  velated.

¢ P=ql- L con be decide d h\lj some standard DTM with polyw) wum{v(j ‘tisz
P= U 0TWE tn%)
20
¢. Theorem

Evavxﬂ covrtox‘rf—fm languaae is n P

Pyvot -
f okumskﬂ norm  form



§oe
1 A-BC

A-a
2]
N an a )
l)a 3( mml/\s »
00y~ Qn §= Al an

subproblems
for IsTsjsn define
Tearpys { AeV-3: A= duben a4 )
Goal- TLL
Base case - for Isisn . TeidWwl= {A€V-3: A=A}

G Qg Quen O
Recwrrene VV;K ‘ﬁ" )
for Isisjen € y
=
Twaa-= &)_i A B¢, BeTULE) ACeTUENIT Y
-1
9 3 e &R 1”[;”
# swbproblems > 1 , Ho b.CRbART

wst per subyrobl,w\" l'l‘(le-le‘(‘I[.)2
ool IR Lv- =D 0w

b- SAT (satisfiability> Problem
Let X={%,~.%% be a set of bolean variable
Y, X, X, Xn - iTerale
a clause s ke %vXay X 0y UXg
A boolean formula is ke ( XUXaUXg ) ALX3URY) ALXNVKVUXT )
A twth asignment of X is T: X2 0.1}
T satisfies F if Fis tue under T.
SAT = given a boolean formula F, is P setishiable 2
{'F Fis a savisfiable blean formula §
SATEP 7 wnknown
7. Let M pe a NTM . The runing Sime of M is a fumm‘m .f NN
For any input of lenyth n. evew branch of M halts within fu steps.

M= on input F
I non-deterministically generate a truth assygnmen‘t T

2.if T satisfies F

3 acept
¢, else

§,.  ryect

A-BC



§ NP=)L- L @n be decided b& some NTM within polyln) vunwing Time ]
Penp P=NP 2 wnRnown P+NP ‘s widely belicved

4. Theorem
P=NP if and only if SATep

— Polyromial -time vevifisble

[0- language A7, DTM Yol & 27 414 94 aoh Lt A%k
i) ‘fvv any xe3, any 3£)’f 4@_9:{%1&/;;,6&2
vy = oacep effectiveness
ijeo‘/

ond ) has polynomial puaning time

W for any x4 A, VWy= veject for any yes®  soundness
(3) for ny (€A, 1yt 9\V‘X|5);amm completeness
with VYl € poly Lixi)
1. SAT s polynomial - time verifiable .
V=on input F and T
|. evaluate F using T
2. T satisfies F

3. acept
y. else
5. vt
2. Theovem
L i polynomial - time verifiable <= Le€Np
ono'j'~
=) IV 1--7 1

M= on input % Udecide xel in poly Cx) time)

I- on-deterministically generate a prof y with \yl< piyuin)
2.vun Von x and y

3. if V ouepts x and Y

¢.  oacept x
5. else
b. reed

<) INTM M devides L in Polyn) time
¥
AT V=on Wnput x and g
‘/A L\ > I run M on x fo\\wing Y de,wfmim';ﬁcall3
/ aceplt ¥ 2. M auepts x
3. ougt x and Y
4. else

ot v i B



§. et x ond y
Week 13
(. Theoem: SATEP #f ond only if P=NP ¢ SAT is NP-omplete

2. Po\\\immial +ime veduction

<<€

computable < 323 st @xeA 44 fo<e
© Given x, 1% can be omputed in polyc) time
Wif Ased
o [emmo : ‘.{ Asp and beP . then A<P

Proof" %eA ) > -‘w) > f™eB?
Hime: poly L) polycifool) time

i
lf\i)\: P°\3““’ ?°|§j oy P"]J(P“ﬂ L) = P.,].alm)
7))

@ R s NP-omplete i O AenP  © Voenp, BspA
L ¢ bolean ‘f‘"N“"
3. Cook - levin Theaem: SAT 3s  Np-complete- X F
Provf - Let BENP . then we need to prove BSpSAT xep iff F s saisfiable
Cause NP, INTM N desides B in poliin) time
Qb . 0neB & (50900, -0m Fy Dby Fv§ouav)

Y1) S0 cfigurets length n*
AL A%LVE D% 1L E W crfiguetions of leng
(3 I0LSAE -0n by = FwdUBYY < F2 (DU ALCS AL
K
n
<_7 —_— 5 . . .
BusQ 0o~ On B3 JKI R wn:fxﬂ\uamvvx
B
for 1s3ent, (s)sn¥, ce kvl
K
n

Yoje > HIR) Rh% e
(OCVOV& @l containg A charocter coys

) 'th:l Xiie A Xyic
Cowi L C\{'\Lku], g ne
I Xje %) c#d
= iu.\w‘,

z X45¢¢|
cekV) )

() {ﬂst o) nting  Ymtial ani guratons
o N XizU AXS A Xgo N A
@ some ceAl  wntom y

z‘ Xy 2| y.a My
® 11~ ohly "“h%MSWL UISEI
7 by bt [ b2 by

b‘i b\‘n \)i*z 'xf{ ( V [Xflt/\xh\l‘lc)) A lj-n)/\ lj*ZJ
G Gy = xﬂ‘é cekv]

bra b1 bx 4 ¢ A CD AUKHeV Xaje Y )
ber by 2 ks k-

kx@2+2)



‘QP vule 49 (4.bk, pc).») 2 "Jﬁ“éﬁk‘
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